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[1] Transverse ridges on the surfaces of catastrophic mass flow deposits such as
landslides, debris flows, and lahars may be the remnants of surface waves that originated
during transit. Such waves can form as a result of a flow instability or from irregularities or
pulses in the release of material at the source. We first consider a steady state release
of material into the flow. By considering classic fluid dynamic stability criteria, we show
that flow instabilities known to lead to roll waves seem likely for the mass flow deposits
studied on Earth and Mars. Motivated by the plausibility of dynamic wave formation,
we consider the more realistic case of a time-dependent release of material into the flow by
performing a detailed mathematical analysis of the momentum and volume conservation
equations. The results show that for some regimes of flow conditions, any disturbances in
the source conditions grow downstream without bound, much like a classical fluid
dynamic instability. It is conjectured that this regime may lead to analogs of roll waves. In
other regimes, however, any irregularities in the boundary conditions at the source of the
flow decay, as in a stable fluid flow. One critical parameter delineating the regimes of
stability and instability is the time constant for the decay of the flow depth at the
source. When surface waves are preserved in the deposits of long runout, catastrophic
mass flows, our results provide a new diagnostic for constraining the emplacement
conditions and the rheology of the flow during transit.
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Earth and Mars, J. Geophys. Res., 110, E05007, doi:10.1029/2004JE002381.

1. Introduction

[2] Surface waves, pulses and time-dependent effects are
common in mass flows of geologic interest, such as debris
flows, landslides, lahars and lava flows. In dense mass flows
such as the Elm [Heim, 1882, 1932] and Blackhawk [Shreve,
1968] landslides, the Chaos Jumbles [Eppler et al. 1987;
Bulmer et al., 2002b, 2002c, 2003] and numerous lava flows,
wave structures are preserved on the flow surface (Figure 1).
They have also been observed as transients in debris flows
and rapidly moving fluid lava flows [Moore, 1987; Iverson,
1997; Lipman and Banks, 1987].
[3] Geologists sometimes think of waves on the surface

of a mass flow as the result solely of the cessation of
flow front advance and an accommodation of the surface
upstream. They sometimes ignore the possibility that
surface waves and wave-like features can result from flows
that are turbulent or internally disrupted. Yet, regularly
spaced, steadily propagating water waves are common on
windowpanes, driveways and streams during periods of
heavy rainfall. Surface waves result naturally from the

dynamics of such flows whenever there is an excess flow
rate above that which can be accommodated as a stable
steady state. Such waves originate while the flow is in
motion due to basic momentum and volume conservation
considerations. Their existence and shape are unrelated to
the cessation of flow advance.
[4] Wave structures on surface flows of water dissipate as

the flows thin or slow. But, for dense mass flows, the action
of intergranular forces can preserve a record of the waves
that existed while the flow was in motion. In the case of
rapidly emplaced lava flows, the cooling of the surficial
crust often preserves surface waves, pulses and transients.
For less dense mass flows (e.g., low-density debris flows,
lahars or hyper-concentrated water flows), a record of the
existence of waves may persist in the residual sediment
deposits.
[5] We investigate two dynamical origins for surface

wave formation on catastrophically released mass flows
during flow advance. One mode of formation is similar to
a fluid dynamic instability, whereas the other results from
pulses, variations or irregularities in conditions at the source
of the mass flow. Both these origins are dynamical: they are
associated fundamentally with the time-dependent equations
that govern momentum and volume conservation while the
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flow is in transit. We base our approach on the classic
stability analysis of a steady flow of water with uniform
depth in a rectangular channel on an inclined plane [Jeffreys,
1925]. More elegant treatments of this classic analysis have
become part of the standard literature of stability analysis
[Chow, 1973; Whitham, 1974], but the original theoretical
and empirical results remain valid today.
[6] Our primary theoretical extension is to treat the cata-

strophic mass flow release as a pulse-like, time-dependent
boundary condition instead of as a steady state with a
constant depth. Analogous to Jeffreys [1925], we determine
the flow conditions that cause waves to form and grow,
versus those that dissipate small perturbations in the bound-
ary conditions at the source of the flow.
[7] In this work, we will often refer to ‘‘the source of the

flow.’’ In actuality, landslides, debris flows and lahars can
be released catastrophically from broad areas, from multiple
locations, and according to a variety of scenarios and time
sequences. For modeling purposes, however, it is assumed
here that any sources of mass flux eventually become
consolidated into a single, continuously fed, coherent flow-
ing unit. This location is taken as x = 0 and the behaviors of
the flow thickness and velocity at this point along the flow
path are used to define the boundary conditions. We do not
consider any of the detailed possible mechanics of the
release of material (e.g., slope failures or seismic fractur-
ing), but take the formation of a single, coherent flowing
unit as a given.
[8] First, we consider the plausibility of surface wave

formation of a dynamical origin for some large terrestrial
and Martian landslides with surface features suggestive of
waves. To determine whether a dynamic origin is plausible,
we initially use Jeffreys’ [1925] stability criteria and some
estimates of flow conditions derived by a variety of means.
We investigate the Elm and Blackhawk landslides, Chaos
Jumbles and the ridged deposits in the plains to the
northwest of Arsia and Pavonis Montes in the Tharsis
region of Mars. We have selected the Elm and Blackhawk
landslides because the surfaces of the deposits have wave-
like structures and they have been studied extensively in the
literature. Many of the details of emplacement for the Chaos
Jumbles are presently ambiguous and await further field
study [Bulmer et al., 2002b]. However, the waves preserved

on the surfaces of these deposits are more complicated
structures than the simple sinusoidal waves that one might
expect (Figure 2). Figure 3 shows a MOC image of a
prominent ridged deposit northwest of Arsia Mons. Similar
deposits are found northwest of Pavonis Mons. While a host
of alternative genetic possibilities is cited by Head and
Marchant [2003], here we consider the possibility that the
ridged deposit in Figure 3 was formed by one or more
landslides off the northwest flank of the volcano.
[9] In section 2, we review the key ideas in a conven-

tional stability analysis of a steady fluid flow of uniform
depth and velocity on an inclined plane. Then, in section 3,
using various dimensional and velocity data from the
literature, we apply the steady state stability criteria to the
examples above to see if the formation of surface waves
during transit would be anticipated. Even with the uncer-
tainties in the details of emplacement, we find a strong
suggestion that waves might form in all of the terrestrial and
Martian examples.
[10] This indication of surface wave formation in the

steady state motivates our theoretical investigation of the
more realistic case of a time-dependent release of material at
the source of the flow (sections 4–6). We investigate how
surface waves might form on large mass flows as a result of
basic momentum and volume conservation dynamics. We
obtain mathematical criteria for the unconstrained growth of
perturbations in the boundary conditions. These criteria are
analogous to stability criteria in that they delineate the
regime of flow parameters that preserves the overall behav-
ior of the source conditions as they propagate downstream.
In the text, we provide only a summary of the mathematical
analysis and the key results. The details of the derivations
are provided in Appendix A. We find that the time depen-
dence in the boundary conditions produces an unexpectedly
rich variety of surface waves that may be recorded in the
deposits of landslides, debris flows and lahars. This mech-
anism may also be responsible for the surges in large
basaltic lava flows [Lipman and Banks, 1987; Moore,
1987] and perhaps many of the regular wave-like surface
structures often seen on distal segments of lobate basaltic
and basaltic andesite lava flows.

Figure 2. Complex surface waves on Chaos Jumbles
deposit. Overall topographic gradient has been removed
[Bulmer et al., 2002b].

Figure 1. Elm, Switzerland, 1881 landslide with promi-
nent surface waves preserved in the distal deposit (courtesy
of Julio Friedmann).
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[11] In section 7, we apply our results to the ridged
deposits on the plains northwest of Arsia and Pavonis
Montes. We do not attempt to argue that such ridged
deposits are the result of catastrophic mass flows off the
flanks of these volcanoes. Possible modes of formation of
these deposits have been debated in the literature for many
years and some are unrelated to catastrophic mass flows

(see Head and Marchant [2003] for a concise review and
related references.) The arguments for and against various
alternative origins of the ridged deposits deal with issues
(e.g., morphologic diagnostics) other than those addressed
in this work. However, if these deposits were the result of
rapidly emplaced mass flows, the existence of waveforms
and our theoretical results combine to provide new
constraints on the details of emplacement and the bulk
rheology of the material.

2. Review of Steady State Stability Analysis

[12] The classic approach to determining the conditions
for the stability of a steady water flow in a channel is based
on the volume and momentum conservation equations:

Volume conservation

@h

@t
þ @

@x
huð Þ ¼ 0; ð1Þ

Momentum conservation

@u

@t
þ u

@u

@x
¼ g sin q� Cu2=h� g cos q

@h

@x
: ð2Þ

[13] Table 1 provides the definitions of the mathematical
symbols used in this work. In (2), the terms on the left-hand
side represent inertia. The terms on the right-hand side
represent gravity and frictional resistance to flow and
pressure, respectively. In the steady state, all the derivatives
in (1) and (2) are zero, and the solutions h(x, t) = ho and
u(x, t) = u0 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g sin qh0=C

p
are constants. The flow

resistance parameter, C, has been estimated in the literature
for many types of rapidly emplaced mass flows in various
settings. Values range from 0.0025 for water in a channel to
approximately unity for dense debris flows [e.g., Takahashi,
1980; Weir, 1982; Baloga et al., 1995; Bulmer et al., 2002a;
Glaze et al., 2002].

Figure 3. Ridged deposit on the NW flank of Arsia Mons.
Image resolution is 18 m/pixel and image center is 5.0�S,
229.6�E (THEMIS visible image V01703002).

Table 1. Mathematical Symbols

Symbol Definition Unita

x downstream distance m
t time s
l flow length m
w flow width (constant) m
h flow depth m
De elevation climbed m
u flow velocity m/s
t time parameter –
Qo volumetric flow rate (constant) m3/s
g gravitational acceleration m/s2

q slope deg
C coefficient of flow resistance –
h perturbation in flow depth –
h0 perturbation in flow depth at the source –
x perturbation in flow velocity –
hR flow depth (reference solution) m
h0 initial flow depth (constant) m
uR flow velocity (reference solution) m/s
u0 initial flow velocity (constant) m/s
L length scale m
G decay constant of flow depth s
T duration of the mass release s
P period of the oscillation in the depth perturbation s
e inertial parameter –
k pressure gradient parameter –
aA dash (‘‘– ’’) in units column indicates a dimensionless quantity.
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[14] To determine whether the steady state is stable or not,
small sinusoidal spatial perturbations of uniform flow depth
and velocity along the flow path are introduced. Small
inhomogeneities or irregularities are always present in nat-
ural situations due to variations in topography, the confining
perimeter of the flow and/or the density or rheology of the
flowing medium itself. Two new governing equations for the
perturbations are generated from (1) and (2). They describe
to first-order the influence of the derivatives neglected in a
uniform flow. For some sets of flow parameters, the assumed
small perturbations in the flow depth and velocity will decay
with time to the original uniform steady state. For this regime
of flow parameters, the flow is said to be stable. For other
sets of flow parameters, however, the initially small pertur-
bations will grow in time without bound. Under these
conditions, the flow is said to be unstable.
[15] The specific conditions for a stable steady state of

depth ho and velocity uo take the simple equivalent forms

tan q � 4C; ð3Þ

uo � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos qgho

p
; ð4Þ

Qo ¼ uohow � 2how
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos qgho

p
: ð5Þ

When any of these conditions are not met, the uniform flow
becomes unstable. Small perturbations in the flow depth and
velocity profiles grow with time and these profiles transition
to more complicated forms. A conventional stability
analysis by itself cannot determine the ultimate form of
the growing perturbations. It can only indicate that a
transition from the reference state will occur. Additional
mathematical or experimental analysis must be performed to
determine whether periodic waves will form on the flow
surface and, if so, the character of the waveform. In the case
of water flows in natural and fabricated channels, it is
known empirically and analytically that regularly spaced,
stable roll waves form on the flow surface [Cornish, 1910;
Jeffreys, 1925; Dressler, 1949; Whitham, 1974; Townson,
1991; Carver et al., 1994]. Roll waves are known in
hydrology as ‘‘bores’’; that is, they are steadily propagating
discontinuous mathematical solutions of (1) and (2). There
are no continuous periodic traveling wave solutions of (1)
and (2). For this reason, the shape of roll wave profiles was
not determined until Dressler’s [1949] work. Illustrations
are given by, for example, Whitham [1974, and references
therein]. For our purposes, it is sufficient to know that roll
waves form a sequence of regularly spaced segments with
an almost monoclinal growth in amplitude and a very sharp
front at the end of each segment. In the subsequent sections,

we will suggest that formation of roll waves could be the
cause of the wave-like features on the deposits of some
catastrophic mass flows.

3. Application to Steady State Mass Flows

[16] We now apply the above steady state stability criteria
(equations (3)–(5)) to three classic examples of landslides
with long runout distances: 1881 Elm landslide (Elm,
Switzerland), Blackhawk landslide (Lucerne Valley, Cali-
fornia) and the Chaos Jumbles (Lassen Volcanic National
Park, California). All three deposits show well-developed
wave structures, oriented transverse to the presumed flow
direction. Their existence suggests that flow conditions
were unstable and that waves (possibly analogs of roll
waves) formed on the surface during transit.
[17] From (3), we find that a hypothetical steady state

mass flow is unstable when C is less than the critical value:

Ccrit ¼
tan q
4

: ð6Þ

For C < Ccrit, we would expect to find evidence of a wave
pattern that might be preserved on the surface. Additionally,
C would generally be expected to exceed 0.0025 (i.e., be
less fluid than water). Thus the critical range of C for
unstable flows is

0:0025 < C <
tan q
4

: ð7Þ

[18] Solving the steady state form of (2), we obtain

C ¼ g sin qh
u2

: ð8Þ

[19] From (8), we estimate C for the three mass flow
examples from data, observations and inferences regarding
the thickness, velocity and topographic slope. Subsequently
we determine whether the estimated C lies within the critical
range given by (7). Our results are summarized in Tables 2
(Elm and Blackhawk landslides) and 3 (Chaos Jumbles).

3.1. Elm and Blackhawk

[20] For deposits that were emplaced essentially as a
single coherent unit (such as the Elm and Blackhawk
landslides), we estimate h and u as follows. For h, we use
the average thickness of the final flow deposit. We ac-
knowledge that this is simply an approximation of the
dynamic flow thickness (e.g., the flow may have thickened
during the cessation of flow advance). We calculate u by
assuming the elevation climb was accomplished solely by
converting kinetic to potential energy:

u ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2g De

p
: ð9Þ

Table 2. Steady State Stability Analysis of Elm and Blackhawk Landslide Deposits

l, km w, km h, m De, m q, � Ccrit u, m/s C Waves Expected? Ridges Observed?

Elma,b 1.4 .5 18.3 104 2–4 0.009–0.018 45.1 0.003–0.006 yes yes
Blackhawka 8 2.4 15.2 60 3 0.013 34.3 0.007 yes yes

aShreve [1968].
bHeim [1882, 1932]. Dimensional data are estimates and in some cases measured from topographic maps included in the literature. All units were

converted to metric.
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[21] Our results are shown in Table 2. In the one case
(Elm) where eyewitness accounts are available, our velocity
estimate of 45.1 m/s corresponds well with eyewitness
reports of 110 miles/hour (49 m/s) [Heim, 1882, 1932].
Finally, ambient slopes vary across the long runout distan-
ces of these deposits. Thus we calculate not a single value
but a range of C based on the range of slope values found in
the literature. For both Elm and Blackhawk, the calculated
C values are less than Ccrit yet greater than 0.0025,
indicating from (7) that dynamical instabilities would be
expected to develop in transit. This is consistent with the
observed wave structures remaining on the deposit surface.

3.2. Chaos Jumbles

[22] The Chaos Jumbles was emplaced by collapse of the
Chaos Crags dacite dome complex. Unlike the Elm and
Blackhawk deposits, it was not emplaced as a single unit.
Instead, it appears to have been emplaced in three separate
phases [Shreve, 1968], each composed of multiple layers
[Bulmer et al., 2003]. Thus the total elevation surmounted
by the landslide is not likely to yield a meaningful estimate
of flow velocities by the simple kinetic-to-potential energy
conversion given by (9).
[23] We can however determine what range of velocities

would correspond to the critical range of C and evaluate
these values for reasonableness (Table 3). For comparison,
velocity estimates based on Heim’s [1932] kinematic anal-
ysis are also listed in Table 3 [Eppler et al., 1987]. Their
analysis is predicated on two key assumptions: (1) the dome
that collapsed was at least as high as the highest point of the
breakaway scar, and (2) the original prelandslide topogra-
phy had a similar slope and morphology to the present
topography.
[24] From (7) and (8), the velocities required for insta-

bilities to form range from 17.6 to 74.9 m/s (39–168 miles/
hour) for the three phases of the Chaos Jumbles. These
values seem quite reasonable on the basis of intuitive
considerations. In contrast, some of Eppler et al.’s [1987]
values appear unrealistically high (97 m/s = 217 miles/
hour), which may suggest a reexamination of one or more of
their assumptions. Nevertheless, in four of the five cases,
the two ranges of velocity estimates (at least somewhat)
overlap, suggesting the Jeffreys’ [1925] stability criteria is a
reasonable way of estimating flow velocities when the
deposits contain evidence of waves during transit.

3.3. Arsia and Pavonis Montes, Mars

[25] We now turn our attention to the transverse ridged
flow surfaces in the plains northwest of the Martian Tharsis
volcanoes Arsia and Pavonis Montes. Among the origins
proposed to explain these surface ridges are lahars, debris
flows, pyroclastic flows and glacial deposits [Head and

Marchant, 2003, and references therein]. On the basis of
MOLA data, Head and Marchant [2003] estimate individ-
ual inner ridge heights at Arsia as 5–20 m, with the outer
prominent ridge as �50 m high. For Pavonis Mons, Shean
and Head [2003] similarly estimate inner ridge heights as
5–30 m, with the outer ridge reaching 50–100 m high.
[26] Here, we consider the possibility that these ridges

represent the distal portions of a lahar or debris flow using
the approach outlined above for the Chaos Jumbles deposit.
Any such flow would likely have originated on the rela-
tively steep upper flanks of the volcanoes, estimated as
approaching 3� from flank profiles derived from MOLA
data [Morris et al., 2003]. Again, these slope values are
input into (7) to determine the critical range of C. The next
step is to determine the range of flow velocities that would
correspond to this critical range of C from (8) based on h and
the Martian value for gravitational acceleration (3.74 m/s2).
As dynamic flow depth h during transit is unknown, we
consider a range of values on the order of the measured
ridge heights (10, 20, 50m). These results are presented in
Table 4.
[27] The velocities required for instabilities to form on

these deposits range from 12.2 to 62.5 m/s (27–140 miles/
hour). These velocities are very plausible and are on the
order of those determined for the three terrestrial deposits
studied. Thus, on the sole basis of fluid dynamic consid-
erations, there is no inconsistency in the hypothesis that the
ridges formed as the result of an instability. Conversely, as
argued in section 7, if one assumes an initial velocity within
this range, surface waves would be anticipated.

4. Time-Dependent Reference Solution

[28] The classical reference solution used for a stability
analysis is obtained by assuming that the gravitational and
frictional terms balance in (2), all other terms in the
momentum equation are negligible, and the flow depth
and velocity are constant at the source of the flow. In this

Table 3. Steady State Stability Analysis of the Chaos Jumbles Deposit (Phases I– III)

l,a km w,a km h,a m q,a � Ccrit umin,
b m/s umax,

b m/s ua Estimates Ridges Observed?a

Phase I 4.5 1.5 8.2 2 0.009 17.6 33.5 0–68 yes
6 0.026 18.0 58.0 68–79

Phase II 3.5 1.4 13.7 2 0.009 22.8 43.3 0–23 yes
6 0.026 23.2 74.9 23–55

Phase III 2 0.8 12.9 6 0.026 22.4 72.7 0–97 yes
aEppler et al. [1987]. Dimensional data are estimates and in some cases measured from topographic maps included in the literature.
bMinimum and maximum velocities expected to produce surface waves.

Table 4. Steady State Stability Analysis of Arsia and Pavonis

Montes Ridged Flows

q, � Ccrit h,a,b m umin,
c m/s umax,

c m/s
Ridges

Observed?a,b,d

3 0.013 10 12.2 27.9 yes
3 0.013 20 17.3 39.5 yes
3 0.013 50 27.3 62.5 yes

aHead and Marchant [2003].
bShean and Head [2003].
cMinimum and maximum velocities expected to produce surface waves.
dMorris et al. [2003].
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work, we retain the first two assumptions, but allow the
flow depth and velocity to change with time at the source of
the flow. Following previous models of lahars and debris
flows [Weir, 1982; Glaze et al., 2002; Fagents and Baloga,
2004], we use the time-dependent boundary condition at the
source for flow depth,

h x ¼ 0; tð Þ ¼ ho

1þ t=Gð Þ2
; ð10Þ

and the resulting time-dependent velocity boundary
condition,

u x ¼ 0; tð Þ ¼ uo

1þ t=Gð Þ : ð11Þ

[29] These boundary conditions make the flow depth and
velocity start at maximum values ho and uo at the source
(x = 0) and at the onset (t = 0) of the mass flow.
Subsequently, the depth and velocity decay monotonically
with a rate determined by the time constant G. For a
given g, q and C, the initial velocity uo is computed from

u0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gh0 sin q

C

r
: ð12Þ

[30] To find the time-dependent reference solutions, we
neglect the influence of inertia and pressure in (1) and (2)
and balance the gravitational and frictional forces at all
downstream locations along the flow path. The resulting
time-dependent flow thickness and velocity profiles are
given [Glaze et al., 2002; Fagents and Baloga, 2004] by

hr x; tð Þ ¼ ho
1þ x=L

1þ t=G

� �2

ð13Þ

and

ur x; tð Þ ¼ uo
1þ x=L

1þ t=G

� �
; ð14Þ

where the length scale L is defined as

L ¼ 3Gu0
2

: ð15Þ

5. Approximate Solution by Perturbation
Analysis

[31] The inertial and pressure terms neglected to obtain
(13) and (14) are identically the terms that determine
whether a flow is stable or unstable. Now, we reintroduce
the inertial and pressure gradient terms and determine how
they would change (13) and (14) by the method of pertur-
bations [Whitham, 1974; Zauderer, 1983]. Here we sum-
marize the methodology detailed in Appendix A and present
the key results.
[32] First, we make the volume and momentum conser-

vation equations (1) and (2), the boundary conditions (10)

and (11), and the reference solutions (13) and (14) all
dimensionless using the natural scaling factors

h ¼ h0h*; ð16Þ

x ¼ Lx*; ð17Þ

t ¼ Gt*; ð18Þ

u ¼ u0u*; ð19Þ

where asterisks denote dimensionless terms. With these
scalings, the volume and momentum conservation equations
become

@h*

@t*
þ 2

3
h*

@u*

@x*
þ u*

@h*

@x*

� �
¼ 0 ð20Þ

and

e
@u*

@t*
þ 2

3
u*

@u*

@x*
þ k

@h*

@x*

� �
¼ 1� u*2

h*
; ð21Þ

respectively, where the two dimensionless parameters are
defined as

e ¼ 1

G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h0

Cgsinq

s
¼ uo

Gg sin q
¼ 3u20

2gL sin q
ð22Þ

and

k ¼ 2C cot q
3

: ð23Þ

[33] These two dimensionless parameters let us evaluate
the competition between the stabilizing and destabilizing
influences of pressure and inertia on the time-dependent
reference solution. The parameter e provides a measure of
the influence of the inertial term in (21). As the influence of
the inertial term increases, the flow tends to become
unstable. The second dimensionless parameter k gauges
the influence of the pressure gradient in (21). This term
tends to diminish any spatial gradients in the flow depth
profile that may evolve in time. As e and k decrease, the
flow tends to become more stable and vice versa.
[34] Equations (20) and (21) are a formidable nonlinear

system of equations. Our approach is to use a linear
perturbation expansion of the dimensionless flow depth
and velocity:

h* ¼ hR*þ ehþ O e2
� �

; ð24Þ

u* ¼ uR*þ exþ O e2
� �

; ð25Þ

where O(e2) indicates other terms that are at least quadratic
in e.
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[35] The parameter e is formed by the physical parameters
ho, uo, g, q and C, all of which are determined by nature for
a particular mass flow event. Thus this method is only
applicable to mass flows that make e sufficiently small.
[36] To use the method of perturbations, (24) and (25) are

substituted into (20) and (21). Only terms having prefactors
with e to either the zeroth or first power are retained. Any
terms in the governing equations that have a prefactor of e2

or higher are considered negligible. Thus our solutions for
the corrected flow depth and velocity are said to be valid
‘‘to first order in e.’’ Additional mathematical analysis
would be required to find solutions to higher powers of e.
[37] To first order in e, it is shown in Appendix A that

(24) and (25) make (20) and (21) reduce to a single
equation:

@h
@t*

þ 1þ x*ð Þ
1þ t*ð Þ

@h
@x*

þ h
1þ t*ð Þ þ

4

9
� 8

3
k

� �
1þ x*ð Þ3

1þ t*ð Þ5
¼ 0;

ð26Þ

and an algebraic relationship between the perturbed flow
velocity and flow depth:

x ¼ h
2

1þ t*ð Þ
1þ x*ð Þ þ

1

6
� k

� �
1þ x*ð Þ2

1þ t*ð Þ3
: ð27Þ

[38] The beauty of this perturbation approach is that we
are left with a first-order partial differential equation (26)
that can be readily solved by standard methods. The
drawback is that the solution is valid only for e sufficiently
small that quadratic terms can be neglected.
[39] The general solution of (26) is derived in Appendix

A as

h x*; t*ð Þ ¼ h0 tð Þ
1þ x*ð Þ �

4

9
� 8

3
k

� �
1þ x*ð Þ3 ln 1þ x*ð Þ

1þ t*ð Þ4
; ð28Þ

where

t ¼ t x*; t*ð Þ ¼ 1þ t*

1þ x*
� 1 ð29Þ

and ho(t*) = h(x* = 0, t*) is the boundary value function that
describes the behavior of the perturbation of the flow depth
with time at the source.
[40] Equations (27)–(29) are the main results of our

theoretical analysis. Once ho(t*) is prescribed, (28) is a
general solution that tracks the behavior of the perturbed
flow surface with time and downstream distance. In addi-
tion, we obtain the correction to the flow velocity as a
function of time and downstream distance from (27).
[41] By inspection of (28), it is evident that any time-

dependent variations in the flow depth at the source of the
mass flow (i.e., ho(t*)) will be damped with distance by the
(1 + x*) term. This behavior will be amplified or diminished
by the term that arises from the pressure term containing k.
Interestingly, the separation of the boundary value and
pressure terms in (28) suggests there may be flow regimes
where all influence of the boundary value behavior may be
lost. This would be analogous to a conventional stability

analysis in that the flow depth could evolve to a state that
bears no resemblance to the reference solution (i.e., like an
instability). Alternatively, the perturbed flow surface could
revert to the original reference solution like a stable but
time-dependent flow regime.
[42] When k = 1/6, the perturbed flow surface given by

(28) depends only on what happens at the source (i.e.,
ho(t*)). The large bracket term containing k on the right-
hand side of (28) vanishes. This special point corresponds
identically to C cot q = 1/4, the critical stability value for the
steady state.

6. Results

[43] As discussed earlier, the conventional stability anal-
ysis of the uniform steady state is based on a sinusoidal
spatial perturbation of the initial conditions. By analogy, we
use a time-dependent boundary condition of the form

ho t*ð Þ ¼ sin 2pt*=P*ð Þ ð30Þ

to analyze representative implications of (28). The argument
for using such a form is that any arbitrary boundary condition
can be constructed by Fourier methods from a superposition
of periods [Kreyszig, 1988]. Equation (30) specifies small
changes in the perturbed flow depth at the source that
oscillate through a full cycle with a period P*. It has been
implicitly assumed that such oscillations occur at the source
with a period P. The period has been made dimensionless by
dividing P by the decay constant G. Numerical examples
discussed below will help clarify these relationships.
[44] We now investigate what happens to such oscilla-

tions as they propagate downstream. In all examples, we
assume that e is sufficiently small so that our perturbation
approach is valid, at least near the source. The two key
parameters that we now vary are k and P*.
[45] Figure 4 shows the form of the surface waves for

three representative k values (0.05, 0.65, and 3) with P* = 1.

Figure 4. Plot of flow depth perturbation (h) as a function
of downstream distance (x*) for P* = 1. Both axes are
dimensionless. Three different k values are shown: 0.05
(bottom curve), 0.65 (middle curve), and 3 (top curve). In
all cases the amplitude of source oscillations damp within
about 3 or 4 length scales, but the k = 3 curve grows without
bound.
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In physical dimensions, P* = 1 means the oscillation period
at the source is equal to the decay constant of the reference
solutions. Significant conclusions are immediately evident
from Figure 4. As expected, the amplitude of any oscillations
at the source damps within about 3 or 4 length scales. A
more subtle feature is that, for all values of k, the wavelength
systematically increases with distance from the source. This
behavior is attributable to the divergence of the ‘‘character-
istics’’ in (29) (see Appendix A). For k = 0.65, the flow
depth attains a new level that remains essentially constant
beyond three length scales. This is the upper k value that
represents a stable but time-dependent flow regime. This k
value can vary somewhat, depending on our choice of input
parameters. For k = 3, any perturbations in the source
boundary conditions grow systematically without bound,
equivalent to a regime of instability in the flow conditions.
Surface waves analogous to roll-waves might be produced in
this regime, but they are not directly related to any pulsations
in the boundary conditions at the source. These conclusions
hold for other values of P* and times of the same order of
magnitude as those considered in Figure 4.
[46] Figure 5 provides a series of snapshots of the

perturbed flow surface for the case of k = 0.65 at dimen-
sionless times t* of 1, 3, and 5. For visualization purposes,
the curves for the different times have been vertically offset.
An observer stationed within one length scale of the source
would see rather irregular, chaotic behavior in the shape of
the upper surface. Due to the time-dependent changes in the
amplitude and wavelength, it would be difficult to associate
this with a simple sinusoidal oscillation in the flow thickness
at the source. Conversely, an observer beyond �3 length
scales from the source would simply see a more or less
constant perturbation above the flow thickness of the refer-
ence solution and would also have difficulty associating the
flow profile with the type of disturbances at the source.
[47] Figure 6 shows what happens to the perturbed flow

surface when the period P* is small compared to 1. In
physical dimensions, this means that the period of the
disturbances at the source is small compared to the decay
constant of the boundary condition. In Figure 6, P* = 0.05

and the k values remain the same as in Figure 4. The overall
behaviors are the same as in Figure 4 except that now the
waveforms for all k values retain the oscillations from the
source. The contrast between Figures 4 and 6 provides a
potentially important diagnostic of unobserved emplace-
ment conditions.

7. Applications to Catastrophic Mass
Flows on Mars

[48] We now explore the implications of our results with
the assumption that the Martian transverse ridged deposits
in the plains to the northwest of Arsia and PavonisMontes are
the result of mass flows initiated on the upper flanks of the
volcanoes. Our approach is to input reasonable parameters
into the key equations of our perturbation analysis, and to see
whether surface waves leading to transverse ridges would
likely be generated. Thus this is an extension of the steady
state analysis presented in section 3 for the case of a time-
dependent catastrophic release. Table 5 summarizes our input
parameters and computations, which are explained below.
[49] A reasonable estimate of u0 for the Martian deposits

can be obtained by correcting a terrestrial velocity for the
lower Martian gravity and different slopes. From (12),

u0 mars ¼ u0 earth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gmarsh0 mars sin qmarsCearth

gearthh0 earth sin qearthCmars

s
: ð31Þ

[50] The upper flanks of Arsia and Pavonis Mons, where
the ridged deposits presumably originated, have slopes
approaching 3�. Using this value for qmars, and holding h0
and C constant, a typical terrestrial flow with u0 = 45 m/s
and qearth = 6� would scale to a Martian u0 of �20 m/s.
Critically, this suite of parameters yields epsilon values
sufficiently small to enable us to apply our analysis. Other
values of slopes and velocities are certainly plausible, but

Figure 5. Plot of flow depth perturbation (h) as a function
of downstream distance (x*) for P* = 1. Both axes are
dimensionless. Snapshots at three dimensionless times (t*)
are shown: 1 (top curve), 3 (middle curve), and 5 (bottom
curve). Vertical scales have been offset for visual clarity.

Figure 6. Plot of flow depth perturbation (h) as a function
of downstream distance (x*) for P* = 0.05. Both axes are
dimensionless. Three different k values are shown: 0.05
(bottom curve), 0.65 (middle curve), and 3 (top curve).
Oscillations in flow depth at the source persist downstream
for all k values, even for the unstable k = 3 case that grows
without bound. Note the irregular appearance of the surface
waves.
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our choices are constrained by our requirement that epsilon
be small compared to unity.
[51] To apply the results from the time-dependent analy-

sis (sections 5 and 6) to these Martian deposits, we must
obtain some estimate of the time constant G. This can be
estimated from T, the total duration of time required for all
the mass to flow from the nominal source location at x = 0.
The boundary condition we have used technically requires
an infinite amount of time for the flow depth at the source to
reach zero. For estimation purposes, we let the flow depth
decay to 0.1 of its initial value to obtain a relationship
between G and T. Methods of estimating G for terrestrial
applications are given by Glaze et al. [2002] and Fagents
and Baloga [2004]. Here we use G = 0.462 T.
[52] Accounts of the Elm landslide indicate that the release

of mass occurred over T � 20 minutes [Heim, 1882, 1932].
The Martian deposits (and presumably their source areas) are
significantly larger than their Elm counterparts, and their
emplacement velocities are likely lower. Thus a greater T is
presumed for the Martian deposits, but how much greater
is difficult to constrain. Here, we consider T values of
40 minutes (2400 s) and 5 hours (18000 s). For each T, we
consider three values of k (0.05, 0.65 and 3), consistent with
those used in Figure 4. The length scale L, dimensionless
parameter e and flow resistance coefficient C are computed
directly from (15), (22) and (23), respectively (Table 5). For
both choices of T, e is sufficiently small such that quadratic
terms can be ignored, as required by this analysis.
[53] If the deposits originated as landslides or lahars from

the flanks of the volcano, then their total transit distances
were likely on the order of several hundred km. Given these
great distances, Table 5 and Figure 4 provide implications
about a dynamic origin for the transverse ridged deposits.
For short timescales (Table 5, columns 1–3), the length
scale L is only �33 km. For k � 0.65, any waves associated
with pulses or irregularities in the source conditions would
have decayed away over the large number of length scales
traversed by these flows (Figure 4). Thus the parameters
shown in the first two columns could not have produced the
ridged deposits. This is also consistent with the low derived
C values, which tend to represent rather fluid mass flows in
terrestrial settings [Baloga et al., 1995; Bulmer et al.,
2002a; Glaze et al., 2002].
[54] However, the unstable short-duration case denoted

by k = 3 (column 3) is a viable candidate. As the insta-

bilities grow, one would expect some analog of roll waves
to form. In view of (13) and (14), the steady state that
produces roll waves is approached in the limit as G becomes
large. If the roll-wave analogs for the time-dependent
reference solution are indeed the ultimate cause of the
ridged deposits, then they are not associated with any pulses
or irregularities in the boundary conditions at the source.
Moreover, the implied C value is representative of a dense
debris flow or lahar that would be capable of retaining
surface structures in the final stage of emplacement. Of
course, it is also possible that the ridges were formed by
many separate and unrelated mass flow events. Our analysis
is not capable of discriminating this type of origin.
[55] A different set of scenarios follows for a long

duration of catastrophic release (Table 5, columns 4–6).
Now the length scale is an order of magnitude larger,
comparable to the extent of the deposits. Any waves
generated in the source region must be considered as
admissible flow regimes. Even for the unstable case (k =
3; column 6), there is not sufficient distance for the
instability to manifest itself as fully developed traveling
waves. Jeffreys [1925] and Dressler [1949] both noted the
importance of having sufficient runout distances to observe
fully developed surface waves. This is almost certainly one
of the reasons why wave-like structures and ridges are
always observed in catastrophic terrestrial mass flows.
Interestingly, the spacing and amplitudes shown in the first
few length scales of Figure 4 are reminiscent of the Martian
deposits. Although all the cases in columns 4–6 are
admissible, the first two C values typify the more fluid
end of mass flows. Consequently, additional processes
would have to be conjectured that would allow the deposits
to be preserved. As in the short-duration case, the higher C
value associated with k = 3 (column 6) would be most likely
to retain wave structures on the deposit surface.
[56] The above discussion assumes similar flow thick-

nesses for Martian and terrestrial flows. However, the greater
extent of the Martian deposits might suggest a greater flow
thickness. If we instead assume the Martian flow was twice
as thick as the hypothetical terrestrial flow considered above,
the Martian u0 becomes 28 m/s. The corresponding L values
are 47 km and 349 km for the short- and long-duration cases,
respectively. All the conclusions above still hold for these
thicker flows and, critically, e remains small.
[57] Finally, we note that our method of analysis limits us

to the investigation of surface wave structures arising from
mass flows with modest velocities (a few tens of m/s) and
rather long durations of mass release (tens of minutes or
greater). There is little doubt that instabilities and some form
of wave structures would arise from faster velocities and
shorter durations. However, our ability to investigate such
flow regimes is limited by the requirement of the perturba-
tion method that e must be sufficiently small to make terms
of O(e2) negligible. We expect higher-order waves to pro-
duce an even richer variety of surface manifestations but
reserve such an analysis for future investigations.

8. Discussion

[58] When the thickness of a mass flow at the source
starts at a relative maximum then decays monotonically
with time, there are a host of possible manifestations on the

Table 5. Perturbation Analysis of Arsia and Pavonis Montes

Ridged Flows

Short Duration Long Duration

1 2 3 4 5 6

Inputs
T, s 2400 2400 2400 18000 18000 18000
uo, m/s 20 20 20 20 20 20

q 3 3 3 3 3 3

g, m/s2 3.74 3.74 3.74 3.74 3.74 3.74

k 0.05 0.65 3 0.05 0.65 3

Computations
G 1108.8 1108.8 1108.8 8316 8316 8316
L, km (from 15) 33.3 33.3 33.3 249.5 249.5 249.5

e (from 22) 0.092 0.092 0.092 0.012 0.012 0.012

C (from 23) 0.004 0.051 0.236 0.004 0.051 0.236
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longitudinal profile of the flow during transit. In general,
inertia will tend to destabilize the thickness profile whereas
the smoothing influence of pressure will tend to stabilize it.
[59] We have characterized these influences by two

dimensionless parameters. The first parameter, e, must be
small compared to unity in order to perform our analysis. It
depends fundamentally on the initial velocity at the onset of
the mass flow and the time constant of the decay (plus
gravity and slope). The second parameter, k, depends on the
slope and flow resistance coefficient, C; k ranges from zero
to infinity. For k values sufficiently large (i.e., flows with
large flow resistance coefficients or gentle slopes), pertur-
bations in the source depth will grow without bound
downstream. This thickening during flow advance is anal-
ogous to the classical instability of a uniform steady state on
a constant inclined plane. It is well known that roll waves
can form when the steady state becomes unstable. For k ffi 3
or greater, we conjecture that surface waves analogous to
roll waves form downstream with time-dependent source
conditions. We make this conjecture because our time-
dependent depth and velocity reference solutions reduce
to the steady state as the time constant of boundary
conditions becomes infinite. Reminiscent of the early
roll wave observations and experiments approximately a
century ago, we find that the regime of instability requires
long runout distances of many spatial length scales.
[60] We have also investigated the propagation of small

disturbances in the thickness at the source of the mass flow.
For sinusoidal perturbations, what happens to the surface
profile downstream depends critically on the relative values
of the oscillation period at the source and the time constant
of the decaying boundary condition. When the oscillation
period is comparable to the decay constant of the boundary
condition, any type of oscillation or perturbation decays
downstream. This result holds whether the perturbations
remain small or grow without bound (Figure 4). In other
words, all connection to the details of the catastrophic
release at the source becomes lost downstream. However,
when the period of the disturbance at the source is small, the
wave structure is preserved at all distances downstream,
even in the unstable regime (Figure 6).
[61] Whether the flow regime is stable or unstable,

perturbations in the depth at the source become immediately
distorted over the first few length scales. Regularly spaced,
constant maximum amplitude waves change as they prop-
agate downstream: the wavelength systematically increases
and the peak amplitude decays. It would be difficult, if not
impossible, for a downstream observer to infer that the
irregular, seemingly chaotic profiles were produced by
simple sine waves at the source. Surface waveforms with
complex amplitudes reminiscent of deposits at Chaos Jum-
bles and spacings reminiscent of the ridged deposits off
the flanks of Tharsis volcanoes are readily produced by
small periodic disturbances in the time-dependent boundary
conditions.
[62] We have not attempted to argue convincingly that the

extensive ridged deposits off the flanks of Arsia and
Pavonis Montes are the result of catastrophic mass flows
from the summits. We merely point out that the existence of
more or less regular ridges can be a natural consequence of
the flow dynamics and the time-dependent character of the
release of material. Thus a mass flow origin for these

deposits remains a viable possibility that might be reex-
amined by others.
[63] If the ridged deposits did indeed result from cata-

strophic landslides, debris flows or lahars, then the exis-
tence of the remnants of surface waves engenders new
inferences about the emplacement conditions. In one sce-
nario, we assumed a plausible mass release time (40 min)
and initial flow velocity (20 m/s) by extrapolating terrestrial
experience. For regular disturbances at the source on the
order of the release time, we found the only way to produce
waves would be through an instability that leads to a time-
dependent analog of steady state roll waves. This results in
an inferred flow resistance coefficient comparable to that of
dense mass flows on Earth. For more fluid materials (e.g.,
sediment-laden water flows), regular or irregular variations
in the source conditions would be damped out well before
the mass flows reach the vicinity of their final extent.
[64] For such massive and extensive deposits that are well

beyond terrestrial experience, it is certainly plausible that
the release time could be much longer than 40 minutes.
Thus we explored a second scenario with an increased
release time of 5 hours. We found that all regular or
irregular perturbations in the flow depth at the source would
be preserved over the extent of the flow path, regardless of
whether or not the flow is stable. The implied rheologies
range from those of dense landslides, dense debris flows or
lahars to those associated with sediment-laden and hyper-
concentrated water flows. Additional arguments and mod-
eling would have to be undertaken for the relatively dilute
cases to explain how the solid deposits remain and what
happened to the water. Finally, we investigated the possi-
bility that the extensive Martian flow deposits had greater
flow thicknesses than the significantly smaller terrestrial
analogs. The same conclusions still hold for both the short-
and long-duration scenarios.

9. Conclusions

[65] We have shown that a regular pattern of transverse
ridges can form on the surfaces of catastrophic mass flow
deposits as a natural consequence of the flow dynamics and
the time-dependent character of the release of material.
These surface waves can result either from a flow instability
or from irregularities or pulses in the release of material at
the source. By extending classic fluid dynamic stability
criteria to the time-dependent case, we show that flow
instabilities known to lead to roll waves seem likely for
the mass flow deposits studied on Earth and Mars. Although
we have not argued that the extensive ridged deposits off the
flanks of Arsia and Pavonis Montes are the result of
catastrophic mass flows, a mass flow origin for these
deposits remains a viable possibility that might be reex-
amined by others.
[66] The remnants of waves on the surface of mass flow

deposits provide a new and independent constraint on the
dynamics and the rheologic character of the flow during
transit. There are of course shortcomings in the level of
analysis presented here. On the theoretical side, we do not
understand at present what happens to a surface wave
structure on a dense mass flow during the very final stage
of emplacement as overall flow advance ceases and inter-
granular forces quench topographic gradients on the flow
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surface. New empirical constants would be required that
could only be derived from laboratory study or field experi-
ments. Nor do we understand the structure of roll wave
analogs for time-dependent boundary conditions. It is likely
that the details of the thickness profile evolution depend on
a host of factors related to the release itself (e.g., whether it
is initiated from the front and progresses upslope, or
whether a broad source area is activated simultaneously).
Finally, slope changes and irregular topographic variations
certainly play an important role as they directly influence
flow inertia and the topographic gradient of the flowing
surface. These are all tractable issues whose investigation is
warranted by the promise of new diagnostics of the unob-
served emplacement conditions that produced transverse
waves on mass flows on the Earth and Mars.

Appendix A

[67] Here we provide the details of the perturbation
method used in the text. Volume and momentum conserva-
tion are given by

@h

@t
þ @

@x
huð Þ ¼ 0 ðA1Þ

and

@u

@t
þ u

@u

@x
¼ g sin q� Cu2=h� g cos q

@h

@x
: ðA2Þ

[68] The time-dependent reference solution is found by
ignoring the inertial and pressure terms in (A2) and solving
(A1) and (A2) subject to the boundary conditions

h x ¼ 0; tð Þ ¼ ho

1þ t=Gð Þ2
ðA3Þ

and

u x ¼ 0; tð Þ ¼ uo

1þ t=Gð Þ ; ðA4Þ

where

u0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gh0 sin q

C

r
: ðA5Þ

[69] The reference solutions are given [e.g., Glaze et al.,
2002; Fagents and Baloga, 2004] by

hr x; tð Þ ¼ ho
1þ x=L

1þ t=G

� �2

ðA6Þ

and

ur x; tð Þ ¼ uo
1þ x=L

1þ t=G

� �
; ðA7Þ

where

L ¼ 3Gu0
2

: ðA8Þ

[70] To facilitate the analysis, we make the volume and
momentum conservation equations (A1) and (A2), the
boundary conditions (A3) and (A4) and the reference
solutions (A6) and (A7) all dimensionless using the natural
scaling factors

h ¼ h0h*; ðA9Þ

x ¼ Lx*; ðA10Þ

t ¼ Gt*; ðA11Þ

u ¼ u0u*; ðA12Þ

where asterisks denote dimensionless terms. With these
scalings, the boundary conditions at the source become

h* x* ¼ 0; t*ð Þ ¼ 1

1þ t*ð Þ2
ðA13Þ

and

u* x* ¼ 0; t*ð Þ ¼ 1

1þ t*
: ðA14Þ

[71] Similarly, the reference solutions take the dimension-
less forms

hr* x*; t*ð Þ ¼ 1þ x*

1þ t*

� �2

ðA15Þ

and

ur* x*; t*ð Þ ¼ 1þ x*

1þ t*
: ðA16Þ

[72] The new forms of volume and momentum conser-
vation are

@h*

@t*
þ 2

3
h*

@u*

@x*
þ u*

@h*

@x*

� �
¼ 0 ðA17Þ

and

1

G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h0

Cgsinq

s
|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

prefactor of inertial terms

@u*

@t*
þ 2

3
u*

@u*

@x*

� �
¼ 1� u*2

h*

� 2h0 cot q
3G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C

gh0 sin q

s
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

prefactor of pressure

@h*

@x*
: ðA18Þ

[73] Our interest in determining the influence of inertial
effects on the reference solution makes it natural to define
the prefactor of the inertial term as

e ¼ 1

G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h0

Cgsinq

s
¼ uo

Gg sin q
¼ 3u20

2gL sin q
ðA19Þ
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With the perturbation method used below, we will consider
only cases that make this constant small compared to unity.
[74] We also define a second dimensionless parameter,

k ¼ 2C cot q
3

; ðA20Þ

and thus we can rewrite (A18) as

e
@u*

@t*
þ 2

3
u*

@u*

@x*
þ k

@h*

@x*

� �
¼ 1� u*2

h*
: ðA21Þ

Equations (A17) and (A21) have the identical physical
content as (A1) and (A2). We have simply made a judicious
choice of scalings to simplify the appearance of the
equations and facilitate the application of the perturbation
method.
[75] We now consider perturbation expansions in the flow

depth and velocity:

h* ¼ hR*þ ehþ O e2
� �

; ðA22Þ

u* ¼ uR*þ exþ O e2
� �

; ðA23Þ

where O(e2) indicates terms quadratic or higher in e. Thus
the flow depth and velocity are considered to be those given
essentially by the reference solutions plus small corrections
specified by two functions x(x, t) and h(x, t) that must be
determined.
[76] We first find the two linear equations that x and h

must satisfy when e is small enough to make any quadratic
terms negligible. Plugging (A22) and (A23) into the volume
conservation equation (A17) and disregarding terms qua-
dratic in e:

@hR*

@t*
þ e

@h
@t*

� �
þ 2

3
hR*

@uR*

@x*
þ hR*e

@x
@x*

�
þeh

@uR*

@x*
þ uR*

@hR*

@x*

þ uR*e
@h
@x*

þ ex
@hR*

@x*

�
¼ 0; ðA24Þ

[77] The next key step in the perturbation scheme is to set
the terms to zeroth and first order in e in (A24) each equal to
zero. This gives two separate equations shown in (A25) and
(A26), respectively:

e0

@hR*

@t*
þ 2

3
hR*

@uR*

@x*
þ uR*

@hR*

@x*

� �
¼ 0; ðA25Þ

e1

@h
@t*

� �
þ 2

3
hR*

@x
@x*

þ h
@uR*

@x*
þ uR*

@h
@x*

þ x
@hR*

@x*

� �
¼ 0:

ðA26Þ

[78] A ‘‘reference solution,’’ by definition, must satisfy
(A25). The dimensionless time-dependent reference solu-
tions (A15) and (A16) can be shown to satisfy (A25) simply
by substitution. Obviously, the constant steady state solu-

tions for a uniform flow on a constant inclined plane satisfy
(A25) as well.
[79] Equation (A26) is the first equation governing the

perturbations x and h. It shows that the reference solutions
hR and uR introduce both spatial and time variability in the
coefficients of this linear partial differential equation.
[80] Substituting the perturbations (A22) and (A23) into

the momentum equation (A21) gives

e
@uR*

@t*
þ e

@x
@t*

þ 2

3
uR*

@uR*

@x*
þ 2

3
uR*e

@x
@x*

þ 2

3
ex

@uR*

@x*
þ k

@hR*

@x*
þ ek

@h
@x*

� �

¼ 1� uR*
2

hR*
þ uR*

2eh
hR*

2
� 2uR*ex

hR*
; ðA27Þ

where a Taylor expansion has been used on the right-hand
side of (A21). Collecting the terms to zeroth order in e, we
have

e0

0 ¼ 1� uR*
2

hR*
ðA28Þ

regardless of whether the reference solution is time-
dependent or not.
[81] When terms to first order in e are collected from

(A27), we have

e1

2uR*

hR*

� �
x� u*

2

R

h*
2

R

hþ 2

3
uR*

@uR*

@x*
þ k

@hR*

@x*
þ @uR*

@t*

� �
¼ 0:

ðA29Þ

Equation (A29) is the second equation linking the
perturbations x and h. It is particularly fortunate here that
this equation has no derivatives of x and h. The derivatives
all act on the reference solution and can thus be readily
computed. Unlike (A26), there is only an algebraic
relationship to solve in (A29), not a partial differential
equation.
[82] We obtain the equation governing the evolution of

the perturbations x and h by first solving (A29) for x in
terms of h, then inputting that result into (A26). This results
in a single partial differential equation in only one unknown
(h). After taking the derivatives of the reference solutions as
indicated in (A29), we have after some algebra

x ¼ h
2

1þ t*ð Þ
1þ x*ð Þ þ

1

6
� k

� �
1þ x*ð Þ2

1þ t*ð Þ3
: ðA30Þ

Substituting (A30) into (A26) yields

@h
@t*

þ 1þ x*ð Þ
1þ t*ð Þ

@h
@x*

þ h
1þ t*ð Þ þ

4

9
� 8

3
k

� �
1þ x*ð Þ3

1þ t*ð Þ5
¼ 0:

ðA31Þ

Equation (A31) is the primary result of the perturbation
approach. It is a linear inhomogeneous first-order partial
differential equation for the perturbation of the flow depth.
This equation can be solved in the general case for either
initial or boundary conditions on the flow depth using well-
known methods. Once h is known explicitly as a function of
x* and t*, (A30) can be used to compute the perturbation in
the flow velocity, x, as an explicit function of x* and t*.

E05007 BALOGA AND BRUNO: ORIGIN OF TRANSVERSE RIDGES

12 of 14

E05007



[83] We now find the general solution of (A31) using the
method of characteristics [Whitham, 1974; Zachmanoglou
and Thoe, 1986]. Equation (A31) is equivalent to the system
of ordinary differential equations:

dt* ¼ 1þ t*ð Þ
1þ x*ð Þ dx* ¼ dh

�h
1þt*ð Þ þ � 4

9
þ 8

3
k

� � 1þx*ð Þ3

1þt*ð Þ5
: ðA32Þ

[84] To obtain the general solution for a boundary value
problem, one must prescribe the time-dependent behavior of
h(x*, t*) at x* = 0 by a function h(x* = 0, t*) = h0(t*).
Physically, this means one must specify how the perturba-
tion in the flow depth at the source behaves as a function of
time. Following a common notation used in the method of
characteristics, we use the symbol t to parameterize the
values of time for h(x*, t*) when x* = 0. The boundary
condition is written as h0(t), where the form of t = t(x*, t*)
is to be determined by integrating the left-hand equality of
(A32).
[85] To obtain a general solution, we must obtain solutions

to two of the ordinary differential equations given by (A32).
Integrating the left-hand equality gives

1þ t* ¼ 1þ x*ð Þec; ðA33Þ

where c is the constant of integration Because t = t* when
x* = 0, (A33) reduces to

1þ t* ¼ 1þ x*ð Þ 1þ tð Þ

or

t ¼ t x*; t*ð Þ ¼ 1þ t*

1þ x*
� 1: ðA34Þ

[86] Physically, we are interested only in the admissible
region for the solution:

t* 	 x* 	 0: ðA35Þ

To find the second integral necessary for a general solution
of (A31), the right-hand equality of (A32) can be put in the
form

dh
dx*

¼ �h
1þ x*ð Þ �

4

9
� 8

3
k

� �
1þ x*ð Þ2

1þ t*ð Þ4
: ðA36Þ

Now, according to the method of characteristics, we replace
the times appearing in (A36) in terms of t using (A34) and
integrate both sides:

Z x*

0

d

dx*
1þ x*ð Þh½ �dx ¼ � 4

9
� 8

3
k

� �
1

1þ t*ð Þ4
Z x*

0

1

1þ x*
dx*;

1þ x*ð Þhjx*0 ¼ � 4

9
� 8

3
k

� �
ln 1þ x*ð Þjx*0

1þ t*ð Þ4
;

1þ x*ð Þh� h0 ¼ � 4

9
� 8

3
k

� �
ln 1þ x*ð Þ
1þ t*ð Þ4

:

ðA37Þ

We now have the general solution of the boundary value
problem for h,

h x*; t*ð Þ ¼ h0 tð Þ
1þ x*ð Þ �

4

9
� 8

3
k

� �
1þ x*ð Þ3 ln 1þ x*ð Þ

1þ t*ð Þ4
; ðA38Þ

in terms of the arbitrary function h(x* = 0, t*) = h0(t*). The
solution shown in (A38) is the main result of the
mathematical analysis and forms the basis for all the results
discussed in the text.
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